Abstract. In this work, consideration is given to the problem of dissolution of a buried solid sphere in the liquid flowing uniformly through the packed bed around it. The differential equations describing fluid flow and mass transfer by advection and diffusion in the interstices of the bed are presented and the method for obtaining their numerical solution is indicated.
Introduction
There are a number of situations of practical interest in which a fluid flows through a bed of inert particles, packed around a soluble solid mass with which the fluid interacts (e.g. water contamination by buried waste, ore leaching, fluidised bed combustion (see Fetter, 1994; Bear and Verruijt, 1987 and Avedesian and Davidson, 1973) ).
In such processes there is an interplay between diffusion/dispersion and convection. A detailed physical analysis of the mass transfer process involved was presented in due course by Coelho and Guedes de Carvalho (1988a,b) . In subsequent work, a detailed numerical analysis was presented and accurate analytical expressions were developed for the calculation of mass transfer coefficients in flow around a sphere, flow along a cylinder and flow past a flat surface (Guedes de Carvalho et al., 2004 and Alves et al., 2006) .
Flow around a large soluble sphere is an important model situation in many processes and Guedes de Carvalho et al. (2004) treated the problem numerically. Flow along buried cylindrical and flat surfaces are also important model situations and they were investigated in detail by Alves et al. (2006) , yielding results for the whole range of values of Peclet number and aspect ratio of the dissolving solid surface. In all those studies, only the problem of determining the rates of mass transfer from the surfaces was considered.
In this paper, numerical relationships for the concentration boundary layer thickness applicable to dissolving/reacting sphere under steady-state conditions are obtained, for the whole range of relevant parameters.
Theory
The situation considered in this work is sketched in Figure 1 , where the flow field is depicted around a sphere of diameter 1 d buried in a bed of inert particles of diameter d (with Assuming Darcy's law to apply, Laplace's equation is obtained for the flow potential around the cylinder. For a sufficiently long cylinder (assumed to be of "infinite" length) the flow field is bidimensional and in polar coordinates (r, θ), the potential and stream functions are expressed as (Currie, 1993) , In the absence of chemical reaction in the fluid and for steady state conditions, the mass balance on the solute crossing the borders of an elementary stream tube, limited by two neighbouring equipotential surfaces, may be performed, to give in the limit (Coelho and Guedes de Carvalho, 1988a,b)
where y is the distance to the flow axis, and L D and T D are the longitudinal and transverse dispersion coefficients, respectively.
The boundary conditions to be observed in the integration of Eq. (5) are that: (i) the solute concentration is equal to the background concentration, 0 c , far from the cylinder; (ii) the solute concentration is equal to the equilibrium concentration, * c c = , on the surface of the cylinder and (iii) the concentration field is symmetric about 0 = ψ , for r R > .
Heat and Mass Transfer Processes: New Developments and Applications
Making use of the dimensionless variables:
Equation (5) may be re-arranged to read
Equation (12) has to be solved numerically, using the successive over-relaxation method (Ferziger and Peric, 1996) , and the method developed and described in detail by Alves et al. (2006) was adapted. For the situation under study, an orthogonal mesh is adequate and care was taken to ensure proper refinement in the regions where the highest concentration gradients were expected. The computational domain was varied according to the flow conditions (typically for small Pe' , wider meshes were needed) and, during mesh refinement, the number of nodes along each direction was doubled and the corresponding contraction/expansion factors were root-squared.
For all the conditions simulated in the present work, detailed mesh refinement studies were undertaken. The mesh refinement was performed in at least three meshes and continued until the difference between the calculated values of boundary layer thickness, where the values of the Φ , Ψ , A and B coefficients are easily computed using their definitions (Eqs. (9), (10), (13a) and (13b)). Please note that these coefficients only have to be computed once, since they are dependent on a priori known quantities, and are not influenced by the unknown concentration field.
The
values have to be conveniently interpolated from the known grid node values (represented as circles in Figure 2 ) using the SMART high-resolution scheme to ensure numerical stability and good precision:
The limiter function 1/ 2, i j C + used in this work is expressed as (Gaskell and Lau, 1988) : (16) or, in compact form:
Similarly, for the left face relative to node ( , ) i j , one obtains:
, min 3 , , 1 8 4
Substitution of Eqs. (15) and (18) into Eq. (14) leads to the final form of the discretised equation, which can be casted in compact form as:
The resulting system of equations (20) was solved iteratively using the successive overrelaxation (SOR) method (Ferziger and Peric, 1996) , and the implementation of the boundary conditions was done in the same way as described in our previous work (Guedes de Carvalho and Alves, 1999). It should be noted that we always started our calculations with a zero concentration field on a coarse grid. A converged solution could be obtained very quickly (O(10 s) in a desktop PC with a 1.4GHz AMD ® processor) and then we proceeded to a finer grid (doubling the number of grid points in each direction). Instead of restarting the calculations with a zero concentration field in this new finer grid, we simply interpolated the solution obtained in the coarse-level grid, leading to a significant decrease in the time of CPU required to attain convergence. This fully automated procedure was repeated until the finest mesh calculations were performed. The use of Richardson´s extrapolation to the limit allowed us to obtain very accurate solutions (with errors in the computed h S ′ value below 0.1%). A more elaborate multigrid technique could have been implemented to further increase the convergence rate, but we found that this simple technique was sufficient to obtain mesh-independent solutions in affordable CPU times.
The converged solution obtained yields values of j i C , , from which the overall mass-transfer rate from the sphere, n , could be calculated and expressed by means of an average Sherwood number,
The value of n was evaluated by numerically integrating the diffusive/dispersive flux of solute perpendicular to the sphere along its surface,
which in dimensionless discretised form reads:
The values of
were obtained by applying Richardson's extrapolation to the limit, after determining the true order of convergence of the method, which is estimated from (Ferziger and Peric, 1996) ( ) ( ) ( ) ( )
In the analysis of the results of the numerical computations it is convenient to consider separate ranges of p e P ′ (
). Related to the Concentration Boundary Layer Thickness analysis the numerical solutions were performed within the ranges 
Pe',
, which represents the exact solution with good accuracy; the development of such an expression is detailed in the following section. ) by (see Figure 3 )
Experiment. Experiments were performed on the dissolution of single spheres of both benzoic acid and 2-naphtol, buried in beds of sand (0.219 mm or 0.496 mm average particle diameter) through which water was steadily forced down, at temperatures in the range 293 K to 373 K. Figure 4 is a schematic of the experimental rig (not to scale). The distilled water in the feed reservoir was initially dearated, under vacuum, to avoid liberation of gas bubbles in the rig, at high temperature. The test column was a stainless steel tube (100 mm i.d. and 500 mm long) and it was immersed in a silicone oil bath kept at the desired operating temperature by means of a thermosetting bath head (not represented in the figure). The copper tubing feeding the pressurized water to the column, at a constant metered rate, was partly immersed in a pre-heater and it had a significant length immersed in the same thermosetting bath as the test column; the copper tubing leaving the test column was immersed in a chiller to cool the outlet stream before reaching the UV analyser.
In order to replace the sphere buried in the sand, valves B1 and B2 were closed, the lid of the test column was removed and a source of distilled water was connected near N, to direct water "backwards" to the test column. Valve B2 was then opened gently, to reach incipient fluidization of the sand; the soluble sphere was then replaced, the water flow was immediately stopped and the lid of the test column was placed back in position. The downflow of water through the test column was then initiated, at a very low flowrate, while the column was immersed in the silicone oil bath and the temperature was allowed to rise (slowly) to the value intended for the experiment. The flowrate of water was then adjusted to the required value, v, and the concentration of solute in the outlet stream was continuously monitored by means of a UV/VIS Spectrophotometer (set at 274 nm, for 2-naphtol, and at 226 nm, for benzoic acid). The instant rate of dissolution of the sphere was calculated from the steady state concentration of solute at the exit, e c , as e vc n = . spheres, they were easily removed by rubbing with fine sand paper. Three measurements were made, with vernier callipers, of the diameter of each sphere, along three perpendicular directions. The spheres would be discarded if the difference between any two measurements exceeded 1 mm; otherwise, they would be kept for the experiments and taken to have a diameter equal to the average of the three measurements. The silica sand used in the experiments was previously washed, dried and sieved in closely sized batches. Table 1 gives the corresponding size distribution as determined by a laser diffraction technique. Figure 5 , for the systems used. In order to test Eq. (26), it was necessary to perform some experiments at very low p e P ′ . A significant number of data points were obtained with both benzoic acid and 2-naphtol and, in Figure  6 , they are shown to be in excellent agreement with Eq. (26). The agreement is so good that we suggest that measuring the rate of dissolution of a buried sphere, at low p e P ′ , may be an accurate method for determining the molecular diffusion coefficient of slightly soluble solutes. Carvalho, 1990) . Also in the understanding of certain mineralogical processes, such as the dissolution of plagioclase grains, during diagenesis (see Stoessell, 1987 and Phillips, 1991) , modelling of the transport of aqueous Al by diffusion and convection around the grains may be required. Finally, in the contamination of groundwater (Fetter, 1999) by pools or blobs of NAPLs (non-aqueous phase liquids) or by compacted buried waste, for example, it may be necessary to estimate the distance from the "contaminant source" beyond which the levels of contaminant are expected to fall below some "safe" limit. The present paper addresses this type of problem in detail.
In all such processes, a region of higher solute concentration develops in the immediate vicinity of the "active mass", with consequent solute migration away from it, by diffusion and convection in the moving fluid (similarly, with fast reaction at the surface of the "active mass", there will be a local depletion of some of the reagents, resulting in diffusion/convection towards it). It is often important to estimate the distribution of solute concentration in the interstitial fluid, around and downstream of the "active mass", in that solute rich region that is variously called "diffusion cloud" or "contaminant plume".
If the situation under study is considered by an observer at a large distance from the sphere, it will be perceived as equivalent, in the limit, to continuous injection of solute at a "point source". This limit situation (see Figure 7 ) has been studied in detail and an exact analytical solution is available for the description of the constant concentration contour surfaces (see e.g. Wexler, 1992) . and a good estimate for n is required.
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The problem of finding the rate of solute release from a sphere buried in a packed bed, through which liquid flows, has been studied in detail by Coelho 
Taking 1000 e P = ′ as an example, the corresponding concentration contour plots are shown in Figures 8a to 8c , respectively for three ranges of C . Figure 8a is for high values of C and therefore, the corresponding contours are not very distant from the sphere. The solution for the "continuous point source", given by Eq. (29), is represented by the dashed lines and it may be seen to deviate significantly from the "exact" solution, represented by the solid lines. The difference between the two solutions, for low values of x/a, is much enhanced by the size of the scale chosen for y/a, which is of the order of the radius of the sphere. Figure 8b is for lower levels of C and the solution for the "continuous point source" is seen to get closer to the "exact" solution, except for low x/a, for the reason indicated above.
For very low C , the close agreement between the two solutions, illustrated in Figure 8c , turns out to be an excellent test on the accuracy of the numerical method. The reason why "exact" coincidence is not observed, in the plots of Figure 8c , is that the value of n used in the "continuous point source" solution is given by Eq. (28), with a possible error of 2%, with respect to that of the exact solution. Tests were made, using the correct value of n (given by the numerical solution) in the solution for the "continuous point source", and true coincidence with the numerical solution was then always observed, for the range of C in Figure 8c . 
Concentration Boundary Layer Thickness
In this work, we defined the concentration boundary layer thickness, , and the dimensionless wake size is then only a function of the Peclet number, as will be gathered from Eq. (12) .
The numerical solution of Eq. (12) gives the concentration field and, from it, the concentration boundary layer thickness, Taking the asymptotes as starting guide lines, an effort was then made to obtain a general approximate expression, which would represent the "numerical points" with good accuracy over the whole range of Pe' . The function obtained were Intermediate to high range of p e P ′ (say, Figures 10a to 10c , which were obtained from the numerical solution of Eq. (12) . This result is a consequence of convective dispersion becoming a significant (or even dominant) mechanism of cross-stream transport of solute. Figure 11 shows that
, at constant Pe' and solute concentration C, which means that the concentration boundary layer thickness increases with the size of the inert particles.
Equations (34) to (36) gives therefore a lower limit for the concentration boundary layer thickness from a buried sphere, and it is interesting to calculate, for a constant value of solute concentration, the ratio between the value of Reynolds number based on diameter of inert particles [-] 
